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Abstract

We determine the dependence of the tunneling time on the size of a system
of hard disks through a first-order phase transition using the Wang-Landau
algorithm. The algorithm overcomes the critical slowing down in the vicinity
of a first-order phase transition observed for conventional Monte Carlo simu-
lations. We show that the tunneling times obey a linear law which shall be
determined. We additionally introduce an order parameter which measures the
systems orientational order. This order parameter allows the disks to make pre-
ferred moves and could make the tunneling through the phase transition region
even faster by forcing the disks to move into a more ordered state.
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Chapter 1

Introduction

The two dimensional hard disk fluid has been very important in the devel-
opment of the theories of liquids and liquid structures. Its solid-liquid melting
transition however has been discussed extensively and controversially in the last
three decades and it is still an unsolved problem [1]. The two dimensional case
differs from its three dimensional analogous because the two dimensional solid
possesses only a quasi long range positional order, while the three dimensional
solid is truly long range ordered.

There exist several theoretical approaches for the description of melting in two
dimensions. One approach follows the ideas of Kosterliz and Thouless [2], where
two order parameters are introduced but related to different topological defects.
Alternative theories are the one of Chui [3] or the one proposed by Glaser and
Clark [4], which both predict a first-order phase transition between liquid and
the solid phase.

Not only theoretical but also numerical investigations of the melting transition
can be done in several ways. Numerical simulations have become an important
part in statistical physics. In particular, the so called Monte Carlo (MC) simu-
lations have proven to be very helpful in obtaining thermodynamic properties,
investigating phase transitions and critical phenomena. However, conventional
MC simulations are under certain circumstances not applicable to real physical
problems. The critical slowing down of MC simulations in the vicinity of a first-
order phase transition is an example of such a physical problem. Thus many
modifications have been proposed over the last years to improve the algorithm.

One of these modifications to the conventional MC algorithm is the one pro-
posed by Wang and Landau [5, 6], which elegantly calculates the density of
states in computer simulations directly. The density of states Q(E) is directly
related to the entropy of a system through S = In Q(FE), where the Boltzmann
constant is omitted and we have assumed that the density of states is in the
microcanonical ensemble, that is it only depends on the energy E. By knowing
the density of states, we can calculate all thermodynamic properties of interest
through the entropy. The Wang-Landau algorithm assumes an a priori density
of states function which is successively approximated during the simulation such
that the density of states function converges to its true value. The algorithm’s
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distinguishing feature is the dynamic update of its acceptance rule: the density
of states is modified at every simulation step rather than between runs.
First-order phase transitions, as in the problem at hand, require more so-
phisticated methods than conventional MC simulation as cluster flipping algo-
rithms [7,8] or simple Metropolis importance sampling [9]. The main differences
between phase transitions of first order and of higher order are that in the first
kind of phase transitions no divergent quantity can be exhibited and that the
two phases coexist in the region of the phase transition. This means that in a
solid-liquid transition both the solid and the liquid phase exist in some region
of configuration space. The Wang-Landau MC algorithm has proven to be the
better choice when it comes to physical problems in which one has to overcome
a phase transition of first order. The main reason for this is the equal visit
probability for every state, where we have to discretise our continuous system
in order to be able to apply the algorithm.

The system’s states are given by the different configurations and distributions
of the disks over the so-called box which has a specific width and length depend-
ing on the number of disks under surveillance. The disks can freely be moved
but are not allowed to overlap, which physically can be achieved by defining
an appropriate potential function. The disk’s radius is directly coupled to the
system’s density. This leads us to changing radii to vary the density, which will
be necessary for the Wang-Landau algorithm.

We also introduce an order parameter which forces the disks to prefer certain
moves, namely it moves the disk preferably into states with higher order and
therefor the system is much more likely to be in a state of high density. The
order parameter is a sort of an entropy driven constraint on the disk moves.
In this report we are interested in the tunneling times 7(NV) from low density to
high density states through the phase transition using the Wang-Landau MC
algorithm. We investigate the dependence of the tunneling time 7(N) on the
system size N, that is the number of hard disks. We show that the tunneling
times obey a linear law.

We present in Chapter 2 the system consisting of hard disks and its thermody-
namic properties. In Chapter 3 we first start with explaining the Wang-Landau
algorithm we used and its application to the problem as well as some results
obtained by applying the algorithm to the problem. The simulation details
can be found therein as well. In Chapter 4 we present the results for the
tunneling times and its conclusion. The order parameter and its implementa-
tion are introduced in Chapter 5. The conclusion and outlook are presented in
Chapter 6.



Chapter 2

System of hard disks

2.1 Description of the system

We consider the two dimensional case of a box consisting of N hard disks. We
restrict the choice of N to square numbers N = n?, n € N as this makes the
simulation easier and does not put any constraints on the results. The hard
disks can be in any configuration that takes the non-overlapping of any two
disks into account. Mathematically spoken, the potential energy of the system
is given by

U--—{ oo if ry; <rp

v 0 if Tij > TD ’

where r;; is the distance between disk ¢ and j and rp is the disk radius. During
the simulation we have to change the disk radius for all disks simultaneously.
We are interested in the transition time through the phase transition from a
liquid to a solid state (see Fig. 2.1). We call a state solid if the hard disk system
is in the configuration of closest packing and has maximal density'. The state
of closest packing fills a rectangle with ratio of width to length of 2/+/3, where
we choose the width of the box to be the longer side and for simplicity to be L.
The volume of the box is given by

A =V3/2L% = 2V3n*r i = 2V3NT i,

where N = n%, n € N and 7initia is the initial radius of the disks, which we

choose Tipitial = % The absolute value stays the same throughout the simula-
tion. To change the density we alter the radius of the disks (see 3.2.1). With
that, the reduced density p is defined as

No?  2(2rp)?

p A \/g Y
where o = 2rp denotes the diameter of the disks. As the volume of the box
is fixed, the radius of the disks have to be in the interval rp € [0,1], other-

wise the disks wouldn’t fit into the box. The solid state (and therefor closest
packing) corresponds to a maximal density pmax = % ~ 1.15. The liquid state

! Actually a state of maximal density implies the state of closest packing.



4 CHAPTER 2. SYSTEM OF HARD DISKS

%00 o

O @ 00
CO O

o OOO

Figure 2.1: The low density state p =~ 0.27 on the left tunnels through a first order
phase transition to a high density state p ~ 0.82 on the right. The box has periodic
boundary conditions in both directions. While disk displacement (1) is not allowed
because the disks would overlap, the displacement (2) is accepted. After moving a
disk we change the radius of all disks. While radius change (3) is allowed for all the
disks, the change (4) is not allowed because two or more disks would overlap after the
update. Actually neither of the figures show the periodic boundary conditions as one
might expect. One can think of it as a special case of a configuration where none of
the disks reach 'out’ of the boundaries of the box.

corresponds to the minimal density, which trivially is pmin = 0.

Restricting the number of disks to square numbers allows us to use a simplified
box instead of a general one. For a general number of disks we would have to
construct a non-rectangular box, but as we are interested in the general behav-
ior of the system, depending on its size, it doesn’t matter what number of disks
we are investigating.

We choose the boundary conditions to be periodic in both x- and y-direction to
get rid of boundary effects completely. The box therefor forms a torus and the
disks move on the surface of the torus. We have to keep in mind that although
boundary effects vanish by choosing periodic boundary conditions, finite size
effects still remain, since all lengths in the problem are periodic with the system
size as period.

2.2 Thermodynamics of the hard disk system

As the description of the model lies in thermodynamics, we are interested in
thermodynamic quantities and how we can derive them. Once calculated, the
partition function enables us to obtain the equation of state for the system
of hard disks. The partition function in terms of the number of disks N, the
volume V' and the temperature (the Boltzmann constant is neglected) 7' =1/
is given by

C

where the first sum goes over all possible configurations C, the second sum in
the exponent over pairs of disks in the system and Uj;; is the potential energy of
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disk ¢ with disk j. Due to our simple potential for the interaction of two disks
we can rewrite the exponential term to

e—ﬁzUij _ 0 if Tij <TD
1 if Tij > TD

and therefor the partition function simplifies to
Z(N,V,3) =Q(N,V),

where Q(N,V) is the number of possible states for a given N and V. The
temperature independent partition function emerges because of the special form
of the potential function and is given by the density of states directly. Thus it is
not necessary to simulate multiple times for different temperatures, which has to
be done for conventional MC simulations. Introducing the entropy S(N,V) =
InQ(N, V) leads to the free energy F' = —T'InZ = —T'S, which allows us to
write the equation of state as

oF 0
P=——=T—mnQ(N,V).
ov ~ Loy mOUNY)
It has to be noted, that for our duty we have no need for the density of states
Q) in dependence of the volume V', but rather of the density p. Therefor, we
cannot apply the equation of state in the form above but in a different form
regarding the density to be the parameter of choice.



CHAPTER 2. SYSTEM OF HARD DISKS



Chapter 3

Simulation

3.1 Wang-Landau algorithm

As Wang and Landau state in their published papers [5,6], the proposed algo-
rithm to obtain the density of states is not restricted to energy space, but can
be used to calculate the density of states for any parameter of interest by a
random walk in the corresponding space. They showed that the modified MC
simulation overcomes the critical slowing down at a first-order phase transition
and, moreover, is especially useful to find the density of states for complex
systems with a rough landscape since all possible parameter levels are visited
with the same probability. In this chapter, we first introduce the theory of the
Wang-Landau algorithm and then apply it to the system under investigation
(see Chapter 2) and show some first simulation results. There are several things
worth mentioning we had to deal with while setting up the simulation. These
can be found in Section 3.2.

3.1.1 Theory

The ability to overcome the critical slowing done in the vicinity of a first-order
phase transition has already be mentioned as a problem solved by the proposed
algorithm. Furthermore, it’s also especially useful as we obtain the density of
states directly and therefor are able to estimate thermodynamic quantities such
as internal energy and specific heat capacity by calculating (micro)canonical av-
erages at any temperature. Therefor, we avoid multiple simulations at different
temperatures, but are able to calculate the free energy and entropy. These
quantities can not be obtained directly by conventional MC simulations.

The root of the problem of conventional MC simulation is that the probability
of visiting a state is not equal for all states. So a very rare state is very unlikely
to be visited what results in problems in the vicinity of phase transitions. The
Wang-Landau algorithm resolves this problem elegantly and starts with an ini-
tial guess for the density of states and then approximates the real density of
states at each simulation step (and not only after each simulation).

Lets assume we have a conventional MC simulation with the energy E as pa-
rameter. Then the probability for visiting a state with energy F is e.g. given
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by
P(E,T) = Q(E)p(E,T) = QE)e /T,

where we omit the Boltzmann constant and Q(F) is the number of states with
energy F. For a first-order phase transition there exist two phases with different
energies at the critical temperature. As we want to simulate from one phase
to the other we have to continuously change the energy and, therefor, have to
go through a minimum of states (between the two phases). As the probability
between the two peaks decreases exponentially with the system size, we have
to wait a long time until we tunnel through this minimum or find a better
algorithm. The Wang-Landau is such an algorithm that suits problems of that
kind much better.

Rather than choosing the probability to visit a given state with energy F to be
x e E/T we set the probability proportional to the reciprocal of the density
of states ox 1/Q(F). The probability for visiting any state of energy E is then
given by

C

Q(E)

where C'is the proportional constant. The goal of a partial run of this algorithm
is to generate a flat histogram for the energy distribution. This histogram counts
the number of times the algorithm has visited a state with energy E. This is
done by modifying the (initially) estimated density of states to reproduce a
flat histogram over the energy space and simultaneously making the density of
states converge to the true value. We eventually update the density of states at
each simulation step of the random walk and use the updated density of states
to perform the next simulation step. The modification factor has to be chosen
carefully and should be very close to one at the end of the simulation as this
assures, that the density of states is near its true value.

P(E,T) = Q(E)p(E,T) = Q(E) =C,

3.1.2 The algorithm

The following is the Wang-Landau algorithm in pseudo code, remarks and notes
follow afterwards.

(1) 1Initialize density of states with a guess
(2) While the modification factor is not near one do

(3) Reset histogram

(4) While histogram is not flat do

(5) Pick a random state/site/disk

(6) Make a local Metropolis update

¢P) Increase the histogram at the current energy
(8) Increase the estimate for the density of states
(9 Reduce modification factor

(10) End

As the density of states is a priori unknown, we start by guessing a (probably
very bad) initial density of states Q(p) (1), which very commonly is chosen to
be equal to exp(1) for all states. The investigated parameter space shall be
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denoted by p'. For a continuous system we have to divide the investigated
parameter range into bins of a specific size. This has to be done in the current
case (see Chapter 3.2). The main loop (2) ensures that the modification factor
m converges to one the longer the simulation runs (9). Thus the modification
of the density of states in every Metropolis update is finer in every loop. The
modification factor is reduced by any function satisfying the convergency to
one. We choose a square root function, thus the update is as follows:

m «— v/m

We stop the simulation (10), if the modification factor is smaller than a pre-
defined value mgy,), which can be mgna = exp(107%) ~ 1 for z = 3,...,8.
The number of loops, the number of times of resetting the histogram H(p) is
[zllr;1 120]2, if we start with a modification factor mgiay = exp(1). For z = 8 we
have to perform 27 loops. Every time the modification factor m has been re-
duced, we have to reset the histogram H(p) (3). The histogram is a summary
of how many times we have visited which state. As for the density of states, we
have to divide the histogram into bins for a continuous systems. All this bins
contain a number that represents the number of times the algorithm has visited
that state. The inner loop (4) runs until the histogram is flat. Perfect flatness
would mean that every state has been visited the same number of times, e.g.
the bins of the histogram contain all the same number. As this is hardly pos-
sible, we construct criterions of flatness. Usually, the histogram has to satisfy,
that the minimum number in a bin is bigger than x times, x < 1, the average
number of visits of all bins:

Huin(p) > zH (p).

For small systems, x can be as high as 0.95, for bigger systems it is possible
that such flatness can never be achieved. We have chosen z to be in the interval
[0.7,0.9]. An example of the evolution of the flatness parameter during a sim-
ulation can be seen in Fig. 3.1. Another difficulty arises if we want to perform
a simulation in two parameter spaces; the flatness criterion has to be modified
accordingly (see Chapter 5).

While the histogram is not flat, we pick a random state (5) and perform a local
metropolis update (6). As the probability at a given parameter level is 1/(p),
the probability of changing from the initial state p; to the next state ps is given

by
p(p1 — p2) = mm(SEZ;; , 1>.

Thus, if the density of states function is bigger for the state we are in than in the
state we want to change to, we update with a probability p(p; — p2) = 1; we
certainly change to the new configuration. If the current density of states func-

tion is smaller than the new one, we update just with probability p(p1 — p2) = g(z ;; 3

—~

1We will make a Wang-Landau MC simulation for the density, which we already have called
p-

2The brackets [...] mean the next higher integer number.

3This can be done by drawing a random number ¢ € [0,1] and change from p1 to pe if

© < p(pr — p2).
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Figure 3.1: The evolution of the flatness parameter, which is checked for flatness every
Ngweeps during the simulation. This plot corresponds to the simulation of 16 disks with
2 = 0.8 (the horizontal line indicates the flatness condition). The dots describe a check
of the histogram on flatness. The arrows | point to a check at which the histogram
fulfills flatness, thus Hyin(p) > 0.8H (p) and the histogram is reset to 0.

This means that the more a state has already been visited, the less likely it is
that it is visited again®. Every time we visit a state p we update the histogram
(7)

H(p) — H(p) +1

to be able to perform the flatness calculation after Ngweeps steps and modify
the density of state function (8) for the updated state as well:

Q(p) < Q(p) - m.

No change in state means we are still in the same state, the modifications
are made nevertheless. The further the simulation is®, the lesser the density
of states Q(p) is modified. The modification factor has to converge to one,
so finally we multiply the current density of states with a factor only slightly
different from one, thus letting (p) almost unchanged.

3.1.3 Application to the problem

We now have to apply the proposed algorithm to the investigated disk sys-
tem. We want to tunnel from the lowest density (liquid) to high density (solid),
proposing the density to be the parameter of choice. Therefor a Metropolis

4This depends on what state we are currently.
This is in the meaning of the more times we have reduced the modification factor m.
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update consists of moving a particle and changing its radius to lead to a new
density with respective probability. As we are only interested in the tunneling
times, we can neglect some aspects of the Wang-Landau algorithm. We sould
have measured the time the algorithm needs starting from lowest density to
reach the highest density, which means the highest bin of the density parame-
ter. What we actually did, is measuring the time the algorithm needs to reach
almost the highest density. As flatness can’t be achieved without the highest
investigated state being visited at least once, the histogram check in the dis-
cussed manner can be left. Instead, we have to check after some number of
steps whether the state has already been visited and if yes, stop the algorithm
and safe the number of needed steps; if no, continue until it’s the next check’s
turn.

3.2 Simulation details

3.2.1 Density updates

The density p of a system of hard disks is proportional to o r% JA. Thus,
there are two ways of changing the density, either by changing the volume of
the box or the radii of all disks in the system. While changing the volume of
the box involves recalculating every disk’s neighbor list and position, changing
the radii of all disks lets the system, especially the list of neighbors, unaltered
(see 3.2.7). As density changes are driven by radius changes, we have to update
the radius in every single step of the MC simulation. Radius updates can only
be performed in the range rp € (0, "max], making it necessary to check if any
two disks overlap. For our simulations we took ry.x = 0.5.

The way, the radius update is performed is important too. A simple update
by drawing a random number w € (0, rmax] and setting this as the new radius
(with respective probability) doesn’t simulate correctly. This means, that if we
use this idea, the algorithm never tunnels through the phase transition. What
we have to do is to define a maximal radius change A and change the radius in
the interval

rp—wE€ [rp—A,rp+ Al

We have chosen A = 0.2. In Table 3.1 the ratio of successful disk radius changes
can be seen. Roughly, every second trial was successful.

3.2.2 Disk moves

As the radius updates, the disk moves belong to a Metropolis step as well.
The more we move disks (without any constraints or preferred moves), the
more unordered the system becomes and therefor the disks generally are not
in a state of high density. We start the simulation in the perfect crystal state
(closest packing) and perform N, configuration changes to lead the system
into an arbitrary stateS (see 3.2.6). In our simulations, we took Niyi = 10%. We
made one disk displacement per radius change, but its possible to make more

5 Actually the initialization process is done by the application Initializer (see Appendix).
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No. of Disks Displacement ratio Density ratio

9 0.91910 0.52640
16 0.81960 0.48610
25 0.78030 0.44610
36 0.55460 0.46760
49 0.52500 0.46520
64 0.65530 0.48170

Table 3.1: This table summarizes the displacement and density change ratios. The
ratios indicate the mean probability for the success of an update process (movement
or radius) as not every step is allowed, due to probable overlapping of two (or more)
disks.

moves per density update. As for the radius changes, we define a maximal
allowed displacement §. We have chosen 6 = 0.05. The respective disk move
ratios can be seen in Table 3.1. The larger the investigated system gets, the
lesser likely it is for a single move to be accepted. The maximal allowed disk
displacement ¢ should not be chosen to depend on the disk radius, but be held
constant throughout the whole simulation.

3.2.3 Hardware and Software/Implementation

Simulations were done on the hreidar cluster [10] of the ETH Zurich, making it
possible to run several simulations simultaneously. Although we ran our simu-
lation only on one node’, getting the simulation to work was a time consuming
task. The calculation time on hreidar is limited to 480 minutes, making it
necessary to save the simulation state after some shorter time and starting a
new simulation with the saved simulation state. We have written a shell script
to start new simulations if the former one has finished (See Section 3.2.8)%.
The simulation has been done in two steps. The first steps was to initialize
the system, getting in a state of lowest density and saving this state to a file.
The second step was the simulation itself, reading the saved file and starting
the simulation. This second step is repeated until once (or several times) the
highest investigated density has been visited.

The code has been written in C++ and was initially tested on a Powerbook
running MacOS 10.4.7 using Xcode and its debugger to build and test the used
applications. The boost library [11] has been used for various duties as for tim-
ing (boost/timer.hpp) or for generating random numbers (boost/random.hpp).
To visualize the system (to check whether moving disks and checking overlap-
ping criterion works) we used the simple but efficient Clmg [12] library (see
Appendix A).

To draw random numbers we use a lagged fibonacci (lagged_fibonaccil9937)
from the boost library.

"Simulations would be much faster using MPI but because of the limited time range this
is left for future investigations, probably for larger systems.

8In order to conserve the login and job submitting server, we have tried to submit a shell
script itself, calling the new job automatically after one has finished. For simplicity we finally
took the former method as new problems arouse that the time left didn’t allow to solve.
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3.2.4 Modified update

Instead of updating the density of states in the discussed way, we use an update
procedure as follows:
InQ(p) — InQ(p) + Inm,

in order to fit all possible ©(p) into double precision numbers for the system
under investigation. Of course this modified update method has to be taken
into account for the calculation of the probabilities, as not the real density of
states are saved, but its logarithm.

3.2.5 Chosen parameters

At the beginning of our study of the problem we used an initial value for the
modification factor of mipitial = exp (1) ~ 2.71828, but during the optimiza-
tion of the implementation it emerged that it’s much better to use at least
Minitial = €xP (2), which we used throughout our simulations. However, a too
large choice of the initial value of mjpitia1 would lead to large statistical errors.
The choice of the bin size for the parameter under investigation is also very
important: (1) A large bin size means the values of the density of states Q(p) in
each bin is very large, which makes it impossible to exponentiate these numbers;
(2) The smaller the bin size, the slower is the convergence of the algorithm. Af-
ter considering all this points, we have chosen the bin size of the density to be
¢p = 1073, The bin size of the order parameter, introduced in Chapter 5, has
to be determined accordingly.

In the simulations, the histogram is generally checked each Ngyeeps number of
steps whether the algorithm has already tunneled through the phase transition.
The choice of Nsyeeps depends on the size of the simulated system. For small
systems like N = 32 = 9 we used Nsweeps = 104, as the tunneling times were
about ~ 10> MC updates. For large systems like N = 25? = 625, we used
Nsweeps = 107, as in this case the tunneling time was much larger, like ~ 10°.
After Nsweeps number of steps we check whether the highest state (top bin of
the investigated density parameter range) has already been visited i.e. is not
equal to one.

3.2.6 Mixing the system

In order to start the system in a general state in terms of the positions of the
disks, we started by setting the radius to rp = 1073, to start from the lowest
density and then move randomly chosen disks for Nipitia = 10* times. This has
been done by the application Initializer, which saved the state of the system
afterwards, such that the main simulation DiskSimulation could be run.

3.2.7 Overlapping check

To check, if any two disks overlap, one could cycle through all the disks and
examine if the current disk overlaps with any other after each displacement.
Instead of this simple method we have used a grid cell method which divides
the system into rectangular cells of the size a bit larger then the maximal disk
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diameter (see Fig. 5.1). In a system of width L and N disks we used the
following grid cell sizes:

L L3
Cuwidth = 37—+ Cheight = AN =1)

Now we have to check overlapping of the moved disk with disks in its direct
neighborhood only, given by the eight surrounding cells and the cell itself’. By
setting up a list of neighbors for each disk at the beginning of the simulation,
we can update the respective lists after every disk displacement. The computa-
tional expenses are significantly reduced in large systems by using this method.
A nicer method would be to use the Voronoi [13] construction, which defines a
non rectangular cell for every disk and makes it necessary to check the neighbor
cells (the disks) only.

3.2.8 Scripts and additional code
Job submitting

To submit jobs to the hreidar cluster, a shell script has been written submitting
the jobs and checking regularly whether a new job has to be sent to hreidar.
Problems arouse with the hreidar cluster as some jobs were killed before they
were intended to. By restricting the simulation time to 2000 seconds, most of
the jobs finished correctly. One problem with the shell scripts running on the
login server is, that the more scripts we start, the more CPU is used on the login
server itself, which should be avoided. We tried to submit a shell script itself
to hreidar (what actually worked), but couldn’t fix the problem with reading
and writing data between the simulation runs. So we sticked with the former
method.

3.3 Results

3.3.1 Density of states

As a first application of the proposed Wang-Landau algorithm we calculated
the density of states for a system of N = 9 disks'?. We checked the histogram
after every Nsweeps = 10* whether flatness has been achieved. The maximal
displacement of a disk and the maximal radius change have been chosen the
same as for the tunneling times (A = 0.2, § = 0.05) and the flatness criterion
has been set to Hyin(p) > 0.8H(p), which means that if the minimum value in
the histogram array is not less than 80% of the average, flatness is fulfilled. In
Fig. 3.2 one can see the density of states for the investigated system with an
example of the histogram as inset.

9 Any other disk in any other cell can’t overlap with the respective disk as we have chosen
the grid cells to be a bit larger than the maximal disk diameter.

10A system consisting of nine disks is not really meaningful, but larger systems would have
spent too much time to finish the simulation.



3.3. RESULTS 15

1965 [~ :
cINI g
S 1960 |- =
§ L A I I PP P B
S i 0 02 0406 08 1 12
“U_) 1955 |- Density
) I
_‘2\ n
= i
S i
Q 1950

1945 |-

s R R ST R R R

o

0.2 0.4 0.6 0.8 1
Density

Figure 3.2: The (logarithm of the) density of states in a system of nine disks in
dependence of the investigated parameter, the density. The highest values can be
found at lowest densities while the lowest values are located around the maximal density
(closest packing of the disks). In the inset one can see an example of a histogram which
satisfies the flatness condition. For this simulation a flatness condition of x = 0.8 has
been used. To obtain the true density of states one would have to exponentiate and
normalize the data.
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Chapter 4

Tunneling times

The proposed Wang-Landau algorithm is one attempt to overcome the critical
slowing down in the vicinity of a first-order phase transition. What we are
interested in is what time it takes the algorithm to tunnel through the region of
the phase transition where for normal MC simulations the probability of visiting
such a state is exponential small (~ exp (—N)). In this chapter we finally show
that the tunneling times scale linearly in the size of the system 7 ~ N. For this
purpose, we measured the tunneling times (actually we counted the number of
sweeps) for systems of size N = 9,16,25, 36,49, 64, 81,100, 144 several times'.
Much larger systems should be simulated to obtain more exact results. We took
different Ngyeeps for different system sizes as otherwise for large systems with
small Ngyeeps the algorithm would have taken too long to finish. The results
we obtained can be seen in Fig. 4.1. We used the discussed parameters for the
simulation (A = 0.2, § = 0.05) and let the algorithm tunnel from the liquid
state to the solid state with density p = 1.1. This corresponds to a density
in relation to the maximal density of p.e &~ 95%. From the obtained data we
can conclude that the tunneling time is linear in the number of disks under
investigation
T(N)=a-N+0b,

where 7 denotes the tunneling time, a the slope, b the shift parameter and N
the size of the system in number of disks. Before we started to tunnel to states
as high as the one discussed, we also measured the time the algorithm needed
to reach lower states. In Fig. 4.2 one can see the tunneling times for different
system sizes with the same parameters as before with the only exception, that
the algorithm measured times from the liquid phase to the state with p = 0.9.
The obtained parameters can be seen in Table 4.1. Actually one should simulate
into the perfect crystal state (p = 2/+/3), where one expects the dependence to
be exponential and not linear.

1We intended to simulate larger systems (N = 225,400, 625) but there arouse some prob-
lems, which couldn’t be solved anymore.

17
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Figure 4.1: The tunneling times through the first order phase transition from the
liquid to the solid phase for the investigated system. The linearity of the tunneling
times 7(V) in dependence of the system size N can clearly be seen. The number of
sweeps are in millions (10°).
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Parameter ppax = 1.1 Pmax = 0.9
a 1.51294 - 106 1.47496 - 106
b —12.6924 - 106 —41.1671 - 10°
rms 3.45381 3.11631
x> 1.03038 0.630162

Table 4.1: The parameters found for the tunneling times 7(N) = a - N + b, where a
is the slope and b the shift in y-direction. The root mean square deviation (rms) and
the chi-square (x?) are also listed here. We note that the slope in the first case, where
we go into the crystal, is steeper than the one where we only go through the phase
transition.
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Chapter 5

Order parameter

The discussed Wang-Landau algorithm has been used to determine the density
of states for a variety of systems. There arise some problems though while
applying the algorithm to the systems of hard disks. In our system the particle
moves are purely driven by entropy, as there is no energy dependence in the
density of states 2. In order to speed up the algorithm one can think of helping
the system to prefer certain moves. To achieve this, one can introduce an
order parameter ¢, which causes the particles to move with higher probability
to states of higher order. We chose an orientational order parameter ¢ of the
system, which is defined as

6= 30 S exp (i)

PRI
where N is the number of disks in the system, nj is the number of nearest
neighbors! of disk k, 0y; is the angle between disk k and j with respect to
a fix axis, which we have chosen to be the z-axis. The first sum is over all
disks k and the second sum is over all neighbors of disk k, called j. On the
right side of Fig. 5.1 one can see in the upper left a local state that has a high
order parameter and in the lower right a state with a low order parameter.
The orientational order parameter lies in the interval ¢ € [0,1], where ¢ = 1
corresponds to the state of closest packing. The probability for an update from
(p1,¢1) to (p2, ¢p2) for the Wang-Landau algorithm is given by

Q(p1, 01)
Q(p2, p2)’ 1>.

where the density of states (2 depends now not only on the density p but on
the orientational order parameter ¢ as well. This means that we now have not
only a one dimensional density of states but a two dimensional one.

The implementation of this entropy driven order parameter should speed up
the algorithm, especially the tunneling times. We played around with the order
parameter but can’t give any results determining the influence of the additional
parameter in comparison to the normal case with only the density as parameter.

p((p1,¢1) = (p2,¢2)) = min(

!This is not the same as the list of neighbors we used in the case of the density as parameter
alone. For convenience and simplicity we only want next neighbors (see 5.1).

21
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Figure 5.1: On the left one can see how the grid cell method works for a system of
N = 25 disks. The cell’s width and height have to be larger than the maximal disk
diameter. Taking the darkest disk as reference point, we have to check the disks in
neighboring grid cells and the cell itself only. This is especially efficient in very large
systems. Only disks who’s center is in such a cell are considered because there is no
way any other disk overlaps, as we have chosen the cell’s dimension accordingly. For
this special case, we don’t have to take into account the periodic boundary conditions,
but for all the boundary grid cells we have to. A visualization of a high order parameter
and a low order parameter can be seen on the right. While the state in the upper left
has a high local order parameter, the state in the lower right has a low order parameter.
Local because to obtain the whole order parameter we have to sum over all disks in
the system (global). The angles are measured with respect to the horizontal axis and
with respect to the periodic boundary conditions.
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5.1 Implementation

The implementation of the order parameter has to be done carefully. First of
all we have to find a suitable bin size, which was chosen to be ¢pi, = 0.2. The
flatness condition has to be rewritten in order to take the order parameter into
account. In the one dimensional Wang-Landau algorithm we had the following
criterion

Huin(p) > zH (p).

The natural generalization for the two dimensional case reads

Hmin(pa ¢) > xH(ﬂ, d))a

where H(p, ¢) is the average over the whole 'matrix’ H(p, ¢) and Huyin(p, ¢) is
the minimum of H(p, ¢). One problem that arises using this flatness condition
is the following: The condition is only applicable if all the states can be reached.
Otherwise the non reachable states lead to a never satisfied flatness condition?.
We can neglect the non reachable states but this is not quite a decent solution.
Another possibility is to use the standard deviation criterion

on <zH(p,¢),

2This problem arises only, if one simulates the whole parameter space (p, ¢). If we are only
interested in a part of it, the criterion is quite useful.
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where oy is the standard deviation, which has to be smaller than zH(p, ¢),
a fraction of the mean of H. The fraction is around = € [0.1,0.3], depending
on the problem at hand. Another possibility is to satisfy a modified flatness
criterion for the columns or rows only. The condition is then given by

Hrinin(pa ¢) > 3’;[—_[2([)7 ¢)7

where ¢ denotes a row or a column.

In order to calculate the orientational order parameter we have to find the near-
est neighbors. This should not be confused with the list of neighbors we used
in the case of the density parameter. Instead of taking only the nearest neigh-
bors ni of the disk k into account for the calculation of the order parameter,
one could take all disks in the whole system and still would obtain the same
result. While this global calculation is really slow for large systems, the local
order parameter calculation is much faster and should be taken for simulation.
Instead of taking all the disks in neighboring grid cells®, we only take disks j
in one of the neighboring cells into account, whose distance to the investigated
disk k satisfy

‘T’k —T’j| < 2 Tinitial T €=14¢,

where € is chosen to be 0.2 and 72 = 1/2.

5.2 Results

The implementation of the (orientational) order parameter was verified by sim-
ulating the density of states for fixed density. According to Jooyoung and
Strandburg [14], we knew what the density of states has to look like. We simu-
lated a system of N = 16 disks with maximal disk displacement of A = 0.2 and
flatness condition of # = 0.8. The order parameter was in the range ¢ € (0,0.94]
and the bin size was chosen to be ¢y, = 0.2. We refined the initial modification
factor m = exp (2) by m « /m until m < exp (10™%). As this simulation ran at
fixed density, we fixed the radius of the disks at the beginning of the calculation.
We made simulations at densities of p = 0.7,0.8,0.85 and 0.9. Calculating the

corresponding radii by
\V V3/2p

D=

This yields the respective values rp = 0.389,0.416,0.429 and 0.441. The den-
sity of states for a system consisting of 16 disks can be seen in Fig. 5.2. In some
cases - depending on the fixed density - one can observe a maximum.

31f we talk of all neighboring grid cells, we always include the one cell the disk itself is in.
We have to take not only the eight surrounding cells into account but nine of them.
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Figure 5.2: The density of states for different fixed densities in order parameter direc-
tion in a system of 16 disks. The y-axis is not the true density of states nor the one we
obtained directly from the simulation. The y-axis is rescaled differently for the different
curves to fit them all into the same window and be able to compare them. One can
clearly see that there emerges a maximum around p = 0.85 as further investigations
would show.



Chapter 6

Conclusion and Outlook

The solid-liquid phase transition in a system of hard disks has been under in-
vestigation for several years. The slowing down of ordinary MC simulations in
the vicinity of a first-order phase transition has been overcome by implementa-
tions of the Wang-Landau algorithm, which visits states with equal probability
and lets the investigator obtain the density of states directly. In this report, we
investigated the tunneling times 7 through the phase transition and determined
the dependence of this tunneling times on the system size. The results show
clearly that the dependence is linear. To get even better results, it would be
necessary to simulate larger systems.

Additionally, we started with implementing a better update procedure by in-
troducing an order parameter, which allowed the disks to prefer certain moves,
i.e. moves to higher order. The next step would be to investigate the tunneling
times considering the entropy driven order parameter updates as well and de-
termine, whether the tunneling times can be shortened by this modification.
As we didn’t simulate the phase transition into the perfect crystal, future inves-
tigations should go up to highest densities. There, one expects the transition
time to be exponential in the size of the system. The benefits of the order
parameter would be much greater in such simulations than it would be in the
one we proposed.

Optimizing the code is possible in several ways; First, one could try to imple-
ment a local order parameter update. After every MC step we calculated the
order parameter globally, thus needing the most CPU for this specific task. As
we only move one disk at the time, the change in the order parameter is also
locally and only changes for the moved disks and its neighbors. This implemen-
tation speeds up the code a lot. The simulations presented in this report only
used one node at the time on the cluster computer. By using a parallel imple-
mentation of the code, like MPI, the simulations would not only be finished in
a shorter time, but also use less IOstreams on the login server. Furthermore
the used shell script could be optimized, as the current one is surely not the
niftiest.
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Appendix A

Visualize disk system

In order to have some additional control over the overlapping and moving disk
method, we implemented a simple method that draws the box and the disks
into a window. The drawing routine does not take into account the boundary
conditions. It is necessary to open x11 first and run the code after. We use the
simple CImg library [12].

Initialization is done through

cimg_library::CImg<unsigned char> visu(430,373,1,3,1);
cimg_library::CImgDisplay draw_disp(visu,"Disk System & Frame");

F.DrawFrame (F.DiskSystem, F.getRadius(), visu, draw_disp);

Here F is the investigated system consisting of the box and the disks. The
DrawFrame routine looks as follows

void Frame: :DrawFrame(std::vector<Disk> &D, double Radius,
cimg_library::CImg<unsigned char> &visu,
cimg_library::CImgDisplay &draw_disp)

{
const unsigned char red[3]={255,0,0};
visu.fill(0);
for (unsigned int i = 0; i < D.size(); ++i)
{
visu.draw_circle(int (floor(D[i] .Position[0]*100)),
int (floor(D[i] .Position[1]%*100)),
int (floor (100%xRadius)), red);
}
visu.display(draw_disp);
while (draw_disp.closed == false)
{1}
}

27
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The main drawing is made in the for loop, where step-by-step every disk’s
position and radius is sent to the Clmg drawing routine. The while loop at the
end ensures that the code does not continue without the drawing window being
closed first.
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